Abstract: New mathematical models are proposed that predict fluid flow pressure gradients in gelcast ceramic foam diesel exhaust particulate filters by considering the foam structure conceptually as serially connected orifices. The resulting multiple orifice mathematical (MOM) model is based on the sum of a viscous term derived from an extended Ergun model and the kinetic energy loss derived from the Bernoulli and conservation of mass equations. The MOM model was calibrated using experimental data obtained from measuring the air flowrate and pressure drop across a physical large-scale three-dimensional model of a cellular foam structure produced using rapid manufacturing techniques. The calibrated model was then validated using fluid flow data obtained from gelcast ceramic foam filters of various cell sizes and was found to require no empirical recalibration for each gelcast ceramic foam sample. The MOM model for clean filters was extended to predict pressure gradients of filters loaded with particulate matter (PM). The prediction of pressure gradients through gelcast ceramic filters using the MOM model for clean and PM-loaded cases was shown to be in reasonable agreement with experimental data. The models were finally applied to design a filter for a turbocharged, charge-cooled, 2.0 l, fourstroke, common rail, direct injection passenger car diesel engine.
INTRODUCTION
Diesel engine exhaust emissions have been reported to affect human health adversely, as well as contribute to acid rain and reduced atmospheric visibility [1, 2] . Consequently, governments including those in the United States, Japan, and many European countries are enforcing stringent standards to reduce diesel engine emissions, including particulate matter (PM). In order to meet these vehicle emission standards a number of engineering solutions have been investigated for reducing diesel engine PM emissions, often focusing around exhaust diesel particulate filter (DPF) technology [3, 4] .
Mathematical modelling is increasingly becoming an engineering tool to understand, predict, and control DPF systems. These systems have aided the evaluation of filtration efficiency and the pressure drop across the filter. The latter affects engine performance measures such as power and fuel economy. Predicting these parameters allows faster design of DPF systems and reduces development cost. Recent developments in ceramic foam filtration technology have led to the manufacture of gelcast ceramic foams [5] that offer the ability to tailor pore geometry and overall filter geometry to maximize filtration efficiency and minimize exhaust gas flow back-pressure. These ceramic foams can be manufactured in a wide variety of shapes and sizes. These attributes make them attractive for automotive engine applications where there are acute size and shape limitations. This paper reports new work in modelling pressure gradients through gelcast cellular ceramic foam filters. Honeycomb wall-flow filters [4] [5] [6] [7] [8] are, to date, the most commonly used type of DPF. Most of the validated models on pressure drop across DPFs are based on honeycomb wall-flow filters [9] [10] [11] [12] [13] [14] [15] . The modelling of porous media such as ceramic foam filters has been of interest to significantly fewer researchers. Many reported research findings on ceramic foam modelling are based on early work with respect to pressure drop relationships in spherical packed beds [16, 17] . For example, Innocentini et al. [18] and Richardson et al. [19] developed their models by adapting the model first developed by Ergun [17] to the foam filter structure by redefining a number of parameters based on foam geometry (e.g. cell diameter and specific filter surface area). Pontikakis et al. [20] reported the development of a mathematical model for the prediction of pressure drop across reticulated foam filters that differ significantly in their pore structure compared with the gelcast ceramic foams considered in the current paper, as illustrated in Fig. 1 [21, 22] . They assumed that the struts that form the solid framework of foam filters can be modelled as fibre elements, an assumption that cannot be applied to gelcast ceramic foams. Although the reported results were considered satisfactory, their models required the experimental determination of the permeability of the foam filter. Nevertheless, the well-defined Ergun model offers a sound fundamental relationship and is adapted in the present work to suit the gelcast ceramic foam filter structures for defining the viscous pressure losses. In addition here, a new approach to the kinetic losses is developed to allow calculation of overall pressure gradients. The resulting model, referred to as the multiple orifice mathematical (MOM) model, was calibrated and validated using fluid flow data in physical scale model foams and real gelcast ceramic foam samples respectively.
Significant progress has been made towards the understanding of transient behaviour of deep bed filtration in fibrous filters [23, 24] and granular filters [25] . However, few studies have been published on PM-loaded foam filters and, in particular, gelcast ceramic foam filters. The pressure drop across a PM-loaded filter as proposed and used by some researchers [9, [26] [27] [28] is the sum of the pressure drop across the clean filter plus the flow resistance of the trapped particles, with the assumption that the deposition of the particles in the filter is uniform. This approach is suitable for filters that exhibit cake filtration, since the Darcy law can be applied to the flow through the cake in a similar manner to the filter itself [9] but not in the case of deep-bed filtration. An alternative model suitable for loaded gelcast ceramic foams is therefore developed.
DEVELOPMENT OF THE MOM MODEL
In order to model fluid flow through ceramic foam filters in a computationally efficient manner, the fairly random foam structures are best represented conceptually by a well-defined model structure. For example, in the study of fluid flow in granular filters, some researchers [29] have represented the filter structure with constricted tubes, which are similar to the structure of the ceramic foam filter.
The cell arrangement adopted in the present research is based on the observation of a study of the microstructure of the gelcast ceramic foam filters exhibiting a structure closely comparable to a face-centred cubic lattice [30] . This is a good Fig. 1 Examples of (a) reticulated form structure [21] and (b) gelcast ceramic foam structure [22] representation of the gelcast ceramic foam structure (i.e. spherical open pores connected by open windows) as shown in Fig. 1(b) . Although there has been no previously reported application of the classical equations of fluid flow on a model structure formed by an assemblage of open spherical cells, its resemblance to the foam filters made it an attractive option.
The face-centred cubic lattice can be described by rows of cells arranged such that each cell is connected to 12 neighbouring cells. Assuming that the fluid flow across the filter is unidirectional, the structure can be simplified to a single row of interconnected cells as illustrated in Fig. 2 . The fluid flow through the filter continuously experiences contraction and expansion owing to the alternating arrangement of windows and cells, like fluid flow through a series of constricted tubes or orifices.
For the potentially high-gas-flow velocities experienced in diesel engine exhaust flows, the total pressure drop is the sum of viscous energy loss associated with flow across a surface and the kinetic energy loss associated with the restrictions. That is, the total pressure drop (Dp), across the filter can be expressed as
where Dp vis is the viscous pressure drop and Dp kin is the kinetic pressure drop.
Viscous pressure losses
The viscous pressure drop was derived by applying the Ergun model [17] that defines the pressure gradient as a function of the superficial velocity u, and the specific surface area S V of a packed bed, which is given by
where a is a correction factor applied to account for the tortuous flow path of the fluid through the packed bed, Dp vis /L is the pressure gradient, e is the filter porosity, and m is the viscosity of the gas. By defining the specific surface area with respect to the parameters of the ceramic foam using the facecentred cubic lattice conceptual model, this relationship can be defined specifically for the gelcast ceramic foam filters. The specific surface area S V is the wetted surface (i.e. the surface exposed to the fluid flowing through the filter) per unit volume of filter material. Considering a unit volume of filter, the total wetted surface per unit volume is the product of the number of cells N and the wetted surface area of a cell S, i.e.
Total wetted surface area~NS~e
where V CELL is the open volume of a single pore. The volume of filter material per unit filter volume V mat is expressed as
Solving for the specific surface area S V from equations (3) and (4) gives
In this analysis the preferential flow direction leads to the dominant flow through two of the 12 windows. Therefore, the shared surface areas of ten of the adjacent cells are added to the total wetted surface area of the cell. The surface area of a sphere of diameter d is given as pd 2 . The surface area truncated by one neighbouring cell S TR is given as pdh, where, as illustrated geometrically in Fig. 3 , h can be expressed as 
where w is the connecting window diameter. Therefore, the surface area truncated by a single neighbouring cell can be rewritten as
where k 5 w/d. Hence, the total truncated surface area from the 12 neighbouring cells can be written as
Furthermore, the ten shared surface areas bounding the windows of diameter w can be written as 5pw 2 /2. Finally, the wetted surface area S is, therefore, given by
The volume of the cell V CELL is equivalent to the volume of a spherical cell V S minus the volumes truncated by the 12 neighbouring cells V C , i.e.
The volume of the spherical cell is given as
The truncated volume can be expressed as
Substituting the value of h from equation (6) and simplifying yields
where B~1{ ffiffiffiffiffiffiffiffiffiffiffiffi ffi 1{k 2 p . Hence, substituting V S and V C in equation (10) gives the expression for the volume of the cell as
By substituting the values of S and V CELL in equation (5) the specific surface area can be written as
Finally, substituting S V in equation (2) 
where a is the viscous pressure loss correction coefficient, which is chosen as a 5 5 as suggested by Macdonald et al. [31] . All other terms are either known or can be directly measured from the foam sample.
Kinetic pressure losses
Treating the window as an orifice-type restriction to the flow, the Bernoulli equation and mass conservation law can be used to derive the well-known relationship between the fluid flowrate and the pressure drop across each window
where q ideal is the ideal fluid flowrate, Dp is the pressure drop across the window, A 0 is the equivalent tube cross-sectional area, and A w is the window cross-sectional area. To account for non-ideal flow (e.g. turbulent losses) a window orifice flow coefficient, b, is included in equation (17) to give the 
Rearranging for the pressure drop gives
The total kinetic pressure drop Dp kin across the filter is the sum of the pressure drops across all the individual windows; that is, the pressure drop owing to the kinetic energy loss can be expressed as The porosity of the filter for cylindrical cells can be expressed as
where A filt is the cross-sectional area of the filter. Solving for N row in equation (26) and substituting A filt for p D 2 /4 yields
where D is the filter diameter. Therefore, substituting N row in equation (23) gives the expression
The relationship between the cell diameter d and the equivalent tube diameter d o is such that the volume of the tube is equal to the sum of the volume of the row of cells, i.e.
Hence, substituting V CELL from equation (14) and M from equation (22), and solving for d o gives the expression
The kinetic pressure gradient across gelcast ceramic foam filters can now be written as
Working equations
Knowing that the velocity of fluid flowing through the row of cells, u, can be expressed as
the total pressure gradient can be expressed by substituting for the viscous losses, equation (16), and kinetic losses, equation (29), i.e.
Dp L~a
and k~w=d ð32Þ
and S V is the specific surface area of the foam filter defined earlier in equation (15) . The viscous pressure loss correction coefficient is a 5 5 as suggested by Macdonald et al. [31] . This leaves the kinetic correction coefficient b that needs to be defined experimentally. Importantly, these coefficients are independent of the filter microstructure and macrostructure (cell diameter, window size, and the fluid flowrate).
CLEAN FILTER MODEL CALIBRATION AND VALIDATION

Experimental set-up
The model required validation using a number of ceramic foam filter samples, the details of which are shown in Table 1 . Owing to the manufacturing process there is a spread of pore and window diameters throughout the foams [32] . The data presented are the statistical means of , 500 optical measurements of pore and window diameter. An experimental rig was constructed to measure the pressure drop across the filter samples, the flowrates through the samples, and the temperature and absolute pressure of the fluid at the inlet (as shown in Fig. 4 ). Flowrates were measured using a calibrated orifice flow meter designed and assembled in accordance to the ISO 5167 standard [33] . A flow conditioner straightened the swirling air flow and reduced the pulsating effect from the centrifugal blower. The absolute pressure and temperature were measured before the filter holder to determine the density of the air. The experiments were repeated three times on each sample to evaluate experimental error. In order to determine the constants in equation (32) a series of experiments was carried out using physical scale model foams. A 10:1 idealized physical scale model based on the face-centred cubic lattice was produced using the stereolithography process. Its structure is illustrated by the computer-aided design drawing in Fig. 5 . Pressure tappings were incorporated as part of the manufactured three- Fig. 4 Schematic diagram of a flow rig foam filter sample holder dimensional structure to allow accurate pressure measurements to be taken from individual cells. The advantage of using the stereolithography to produce the scale model lies in the accuracy of the process and the ability to produce complex geometries without the need to resort to mould toolingtherefore, the relatively complex structure of the filter could be manufactured comparatively easily. This would have been difficult to achieve with other manufacturing approaches, or indeed on a real ceramic foam sample.
Model calibration
The calibration of the MOM model required the determination of constant b so that the kinetic losses matched the experimental data obtained from the physical scale model foam. The MOM model was calibrated using the experimental data from a 25 mm-thick physical scale foam model. The value for kinetic correction coefficient b that gave the best fit became the constant correction coefficient of the mathematical model that was then validated with a range of real gelcast foam samples. Figure 6 shows the resulting graph of pressure gradient as a function of fluid flowrate following calibration using the physical scale model. The value of the kinetic correction factor b corresponding to the fit was equal to 2.2. Therefore, the mathematical model can be rewritten after substituting the value b as
The model calibration was repeated using data from the physical scale model foam of lengths 100 mm at different ranges of Reynolds number (Re), from 1 to 70. Values of correction coefficients obtained were found to be independent of the Reynolds number for this range and this implies that the MOM model is applicable to the wide range of pore sizes found in gelcast ceramic foams.
Validation of MOM model
The calibrated MOM model was validated by comparing the predicted pressure gradient with experimental results from the real gelcast ceramic foam samples. 
MODELLING PM-LOADED GELCAST CERAMIC FOAM FILTERS
The MOM model was further developed to model the effect of PM loading in the foam. Scanning electron microscope (SEM) imaging of the window of a PM-loaded ceramic foam filter (see Fig. 9 ) revealed that the deposition of the PM is predominantly around the exit window edge of each cell. From these observations the PM-loaded model was developed. 
where r is the cell radius, i.e. d/2. The volume V arc generated by the arc revolving around the x axis is determined from solving the following integration
The equation representing L 1 can then be written as
where g 1 and k n are the gradient and the y axis point of intersection respectively. The volume V line generated by the line revolving around the x axis is
Hence, the equivalent PM volume (V PM ) can be written as and w9 is the radius of the clean opening, i.e. w/2. As the line L 1 is arbitrarily chosen, the variation is considered to be in the calculation of g 1 , the gradient of the line parallel to the surface of the deposit. The gradient of line L 0 1 , i.e. g 1 is determined as follows
In order to determine k n , the following relationship can be derived from Fig. 11 k n sin 
The value of x 1 is determined by equating equations (34) and (37) ð46Þ
Finally, the value of x 2 , which is the intersection between L 1 and L 2 , is determined from the intersection of L 2 with the x axis, i.e.
The value of the opening h in a loaded filter is determined by substituting the value of x 2 in the equation representing L 
where e p and e are the deposited PM porosity and initial filter porosity respectively and s is the ratio of the solid PM deposit (density , 2200 kg m 23 ) to the filter volume. The porosity of the PM deposits, e p depends on the morphology of the deposits formed and changes in the course of deposition. However, as there are no reliable detailed data from foam filters, the same assumption made by Pontikakis et al. [20] was considered in this analysis, i.e. that e p 5 90 per cent.
Having derived the correlation between the initial parameters and the PM-loaded parameters of the ceramic foam filter, the next subsection describes the determination of the volume of the PM deposited per unit foam cell.
Calculation of volume of PM per cell
Considering a unit volume of foam filter, the number of cells N is again written as follows
where V CELL is the cell volume. The volume of PM per unit cell V PM is the volume of PM per unit filter volume divided by the number of cells in the unit filter volume, i.e.
V PM~s N ð54Þ
Substituting N in equation (53), the expression for the PM volume per cell is
Finally, by equating equations (40) and (55) the value of the window size corresponding to a given load can be calculated after determining the perpendicular distance from the surface of the deposit to the centre of the cell r 1 . The determination of r 1 is by iteration. The range of possible values of r 1 is defined by
The calculated value of the window diameter of the loaded foam filter w n and the new porosity are then applied to the clean filter MOM model (i.e. equation (32)) to predict the pressure gradient for a given filter loading. Owing to the small filter diameter, a bypass valve was used to limit the sample flowrate to , 3 per cent of the total engine flow, maintaining reasonable flowrates through the filter of ,1 kg/s per m 2 . Fig. 12 Schematic diagram of filter sample holder for PM loading
VALIDATING THE PM-LOADED MOM MODEL
Filter sample loading
Each sample of foam of length approximately 25 mm was carefully weighed on a Sartorius weighing machine to within ¡1 mg before mounting on the filter holder for the PM loading. The PM load was the difference between the clean and loaded filter samples. A compressed air supply was used to remove any loose PM and remnant gasket material prior to weighing the samples, to improve the accuracy of the PM loading measurement. This also removed any loose material that would have affected the flow and back-pressure data. The weighing of the clean and loaded foam filters for each loading experiment was carried out in the same ambient conditions to minimize environmental effects on mass measurements. Weighing of samples before and after the flow rig testing showed no change in mass as a result of the flow and back-pressure measurements.
The procedures for the fluid flow experiments used for the clean filters are applied to PM-loaded foam filters. Table 2 is a summary of the results showing the specific volume of PM (i.e. volume of PM per unit volume of filter).
Validation of improved PM-loaded foam filter MOM model
Using the PM loads reported in Table 2 , the new filter parameters corresponding to each sample were calculated to include the porosity and the window diameter. The calculated values were then applied to the clean filter MOM model, while tuning the angle y. Curves from the resulting expression were compared with curves from the experimental data. Figures 13, 14, and 15 show graphs of pressure gradient versus fluid flowrate comparing the new PM-loaded MOM model with the experimental data with the angle of inclination of the PM loading y 5 5 degrees. For comparative purposes, the model prediction of the clean gelcast ceramic foam filters of the same geometry and pore structure are shown in the figures.
APPLICATION OF MATHEMATICAL MODEL
There are a number of ways in which these models can be used, which include the evaluation of the Fig. 13 Graph of pressure gradient versus fluid flowrate for PM-loaded ceramic foam filters, comparing model with experimental data dependence of the pressure drop on the cell diameter, porosity, and filter surface area for given flowrates. This section shows how the models can be used to calculate optimum filter lengths and surface areas that correspond to target filtration efficiencies. From these results, a suitable geometry of gelcast foam filter for a passenger car diesel engine is calculated as an example of the models' use. The engine used as an example for the analysis is a 2.0 l, four-stroke, four-cylinder, turbocharged, charge-cooled, direct injection, common rail diesel engine. A summary of the engine specification is shown in Table 3 . The maximum engine exhaust system back-pressure recommended by engine manufacturers for passenger cars is 20 kPa (gauge) [34, 35] . For an exhaust temperature of 784 K and total back-pressure of 115 kPa (i.e. 75 per cent of the maximum back-pressure), the density r and viscosity m of the gas are 0.51 kg/m 3 and 36.7610 26 kg/m per s respectively.
Determination of filter length
The methodology for the determination of the optimum dimensions of the filter is first to determine the minimum filtration length that will meet the [22] reported that filtration efficiency increases with filter thickness up to a point beyond which only modest gains in efficiency are noted. Hughes et al. [22] reported that the gelcast foam filter of length 30 mm yields filtration efficiency of . 75 per cent. They also reported that for a given superficial velocity, the filtration efficiency can be increased by . 30 per cent by decreasing the porosity from 94 to 87 per cent. Furthermore, they also demonstrated that the filtration efficiency can be increased by . 20 per cent by reducing the cell diameter by 100 mm. Considering the data from Hughes et al. [22] , it was estimated that a gelcast foam filter of length 25 mm, cell diameter of 250 mm, and porosity of 85 per cent would have a filtration efficiency of , 85 per cent. This approximate filtration efficiency is reasonable for a DPF and, as such, an example application of the MOM model is presented to determine the optimum filter frontal area for this filtration thickness, pore diameter, and porosity. Complete optimization of filter design, including filtration thickness, would require more thorough knowledge and predictive capability of the filtration efficiency characteristics of the gelcast ceramic foams.
Correlating the pressure drop to the filter frontal surface area
Using the PM-loaded MOM model, the pressure drop across the foam filter was calculated for frontal surface areas ranging from 0.02 to 0.2 m 2 for PM loads of 0.2, 0.8, 1.3, 3.0, and 5.0 g/l. Using the calculated values, the pressure drop was plotted against the filter frontal surface area as shown in Fig. 16 . Since the PM-loaded model was calibrated against 25 mm-thick test samples, the assumption of pressure drop being a function of average PM loading (as opposed to local PM loading and PM distribution) is considered to be suitable for this case. Considering conceptual filters of significantly different filtration thickness (and hence filtration efficiency) the model would need to be applied in finite thickness sections to account for the distribution of PM through the filtration thickness.
The maximum engine back-pressure (i.e. 20 kPa) was projected on to the curves to give the values of minimum filter frontal surface area. For example, a PM load of 5.0 g/l corresponds to a frontal surface area of 0.225 m 2 and the PM load of 0.2 g/l corresponds to a surface area of 0.08 m 2 . Using the same procedure, the optimum surface filter frontal area with the above foam parameters for an exhaust flowrate of 0.14 kg/s and PM load of 2.5 g/l is 0.128 m 2 . It should be noted that the PM loading is lower than for comparable WFFs. This is a characteristic of relatively small-pore diameter ceramic foam DPFs, for which the back-pressure is more sensitive to PM loading.
Gelcast ceramic foam filter configuration
Using the foam filter specification recommended for a PM load capacity of 2.5 g/l, a disc shape can be adopted where the filter diameter D is 404 mm, giving a frontal surface area of 0.128 m 2 and a total volume of 3.2 l. This is a larger package volume than a typical wall flow filter of length 144 mm and diameter 152 mm, which is 2.6 l.
However, a more compact shape of foam filter is the 'top hat' geometry suggested by Mizrah et al.
[37]. Figure 17 shows the cross-section of a top hat design where the thickness of the foam is L. The total frontal surface area of the top hat can be defined with the expression 
After fixing the filter diameter w and the gap s, the inner canister length L c can be selected to be able to contain the top-hat-shaped foam filter. For example, if the filter diameter is 200 mm and the gap s is 10 mm, then the length L c is found to be 261 mm to achieve the frontal surface area of 0.128 m 2 . Other foam filter configurations were suggested by Gabathuler et al. [38] . They studied the performance of a variety of reticulated ceramic foam filter configurations, employing stationary engine as well as vehicle testing methods. One configuration was the Z-flow shape, which is not unlike large WFF geometry [4] , although potential issues with even PM distribution within complex geometry foams need consideration. It can be seen that the gelcast ceramic foam can be shaped into almost any configuration to help meet the available space in the vehicle. If there is need to reduce further the filter volume, the PM load limit can be reduced or the filter thickness reduced. Another approach is to increase the cell diameter, which will reduce the pressure drop.
CONCLUSIONS
The new MOM model was developed from the fluid flow theory using conceptual multiple orifices to represent the complex structure of the gelcast ceramic foam filter. The relationship for viscous pressure losses is based on the Ergun relationship modified to suit gelcast ceramic foams and the kinetic pressure losses were accounted for by evaluating kinetic losses across numerous orifice restrictions.
A single constant in the model was calibrated using experimental data from rapid manufactured physical scale models of the cellular foam structures.
The calibrated model was then validated with experimental data from a number of foam samples. Predicted pressure gradients of the real ceramic foams were typically within 25 per cent of experimental values, importantly, without the need for recalibration on real foams.
Furthermore, a new mathematical model has been developed to predict pressure gradients of PMloaded ceramic foam filters. This model was developed by adapting the MOM model to include the PM-loaded foam structure. The model was calibrated using experimental data from PM-loaded gelcast ceramic foam filter samples.
Finally, the MOM PM-loaded foam model was used to determine the optimum dimensions of a gelcast DPF for a passenger car 2.0 l, common rail diesel engine.
These models allow the prediction of back pressure in the exhaust system of a diesel engine fitted with a gelcast ceramic foam filter without the cost and time associated with producing and testing real samples. 
